Abstract. In the past few decades, efforts have been made to clean sites polluted by heavy metals such as chromium. One of the new innovative methods of eradicating metals from soil is phytoremediation. Phytoremediation uses plants to pull metals from the soil through the roots. This article develops a system of differential equations to model the plant metal interaction of phytoremediation. We prove there exists a threshold time, t * , where the amount of metals in the environment meet a prescribed EPA criteria. The cost of phytoremediating up to time t * is computed.
from the soil, and can deleteriously affect the soil physical properties [4] .
phytoremediation is an alternative technique employing plants remove contaminates from soils. All plants have the ability to accumulate heavy metals and certain plants known as hyper accumulators, have the ability to tolerate and accumulate high levels of heavy metals. The best plant for phytoextraction should be able to tolerate and accumulate high levels of heavy metals in the shoots, have a rapid growth rate, and the potential to produce a high biomass all in conjunction with established agricultural practices.
For phytoextraction to work the pollutant must first come into effective contact with the plant roots. The plant roots must then transfer the contaminant to the shoots. When the plants are harvested only the above ground part is removed. This makes harvesting easier and minimizes the amount of work that has to be done.
After harvesting, a biomass processing step occurs to recover the metal and/or further concentrate the metal to decrease handling, processing, or landfilling costs.
To increase the availability and mobility of metal contaminates in the soil to the plant, the addition of soil amendments have been investigated [2] .
In Section 2, the article develops a system of differential difference equations describing the process of phytoremediation. The model is initially developed for one harvest cycle. The next harvest cycle depends on the information of the end state values of the previous harvest cycle and thus the model is defined in a recursive fashion.
In the next section, the model is analyzed and it is proved that in a finite number of harvest cycles, the contaminant in the soil can be remediated to below a prescribed EPA target. Section 4 numerically simulates the model using real data from contaminated sites to predict how many harvest cycles will be required remediate to EPA regulations. After the optimal number of harvest cycles is computed, the cost for the phytoremediation process is computed.
The Model
The model describing phytoremediation is developed in three parts. First, the dynamic portion will be developed using a mixture of differential and difference equations. Next, the cost function will involve the dynamic state variables and finally the desired EPA target will be defined as a mathematical property.
The assumptions behind the model are:
(1) The amount of metal in the environment interacts with the roots of the plant by the law of mass action.
(2) A percentage of the amount of metal taken up by the roots is immediately transferred to the shoots. This assumption is simplifying since in reality, there is a delay in the transfer (3) Each plant has the same number of roots.
(4) The rate of effective uptake of pollutants by the roots is an increasing function of the soil amendments.
(5) The rate of effective uptake of pollutants by the roots becomes saturated as the amount of soil amendments increase.
(6) The harvest cycle is a fixed period of months. (9) The death rate of plants during a harvest period is constant.
(10) The portion of pollutants taken up by the roots and not transferred to the shoots is returned to the environment.
(11) All costs are incurred through buying, maintaining and disposing plants and soil amendments.
(12) The amount of soil in the environment remains constant (the environment does not change).
(13) After each harvest cycle, the remaining amount of pollutant in the roots returns to the environment.
Using these assumptions, the state variables of the model are defined as:
M E (t) = Amount of heavy metal in the environment at t months in mg.
M R (t) = Amount of heavy metal in the roots at t months in mg.
M S (t) = Amount of heavy metal in the shoots at t months in mg.
The parameters involved in the model formulation, r(s), f, r 1 (s), r 2 (s), are all nonnegative. The uptake rate of metal from soil by roots is represented by r(s) where
is the amount of soil amendment i. A soil amendment is a chemical that enhances the ability of the plant to extract metal from the soil; it can be thought of a soap for the soil. Since soil amendments are widely used, they are an important incorporation into the model [7] . The value r(s) can be written as r(s) = r 1 (s) + r 2 (s) where r 1 (s is the rate of uptake of metal from the soil to the roots and r 2 (s) is the rate of uptake of metal to the shoots. Finally, the parameter f is the rate of metal return to the environment from the plants. Before formulating the model involving the state variables, we develop an explicit function for the number of plants at time t. The total number of plants at the beginning of each harvest cycle is a constant amount P (0). Let H be the amount of plants left at the end of the harvest cycle (we can as given by Equation (1),
The graph of P (t) is depicted in Figure 1 .
Since the plant toxicant interaction dynamic occurs during a harvest season, we need to describe the process during one harvest cycle. The initial amount of metal in the l + 1 st harvest cycle depends on what is remaining in the soil at the end of the l th cycle. Thus, the initial value for M E in the l + 1 st is given by end state values of M E and M R of the l th harvest cycle (see Figure 2 ). Applying this concept, the initial value Figure 2 . Relationship between harvest cycles.
problem describing the dynamics of plant metal interactions for t ∈ [lm, (l + 1)m) is described by,
rate of loss of metal from environment + rate of metal return from roots
rate of gain from environment − rate of metal return to environment
rate of metal gain from environment (4) with initial conditions,
where
The initial condition is set in this manner because Assumption (13) states that at the end of a harvest cycle, the remaining amount of contaminant in the roots returns to the environment. For computational ease we define M E (lm
The parameter r is dependent on the amount of soil amendments, s, that are to be used. We will require the rate of effective removal of toxicant from the soil to be an increasing function of the amount of soil amendments. We also will require that as the amount of soil amendments increase, the rate of removal will saturate to a level less than one. Mathematically,
The first term in Equation (2), −r(s)RM E (t)P (t), represents the rate of effective uptake of metals from the environment through interaction with the roots of the plants. This interaction term is modeled by the law of mass action.
The second term in Equation (2), f M R (t)RP (t), models Assumption (10), and hence represents the rate of return to the environment of the metals taken into the roots that were not transferred to the shoots. This expression appears as a corresponding loss in the second term of Equation (3).
The rate of uptake of the metal from the environment is separated into two portions. The first enters the roots and is modeled by the first term in Equation (3),
The second part is immediately sent to the shoots and is represented by the only expression in Equation (4), r 2 (s)RM E (t)P (t). Thus, we have the
The cost for phytoremediating a site at time t is dependent on the number of harvesting cycles, l, and can be described by the expression:
The first summation of (6) represents the total cost of purchasing plants. Since P (0) is the total number of plants purchased at the beginning of each harvest cycle, the first summation represents sum of the cost per plant multiplied by P (0) over total number of completed harvest cycles. The second term of (6) Table 2 .
The Environmental Protection Agency (EPA) sets limits on the amount of toxicants allowed in the soil. These allowable concentration limits are called soil quality criteria.
Therefore the goal of phytoremediation is to clean a prescribed area to within the EPA set soil quality criteria. Mathematically, we consider the soil quality criteria as a desired target that M E should reach. We will denote allowable amount of metal in the soil as prescribed by the EPA, T , and our problem is defined to find the threshold value, t * so that
The existence of t * is proved in the next section. A closed form solution for the system, (2)-(4), can easily be determined by computing the matrix exponential:
Once B is computed, the general solution for M E and M R on an arbitrary interval (lm, (l + 1)m) is
where C is an arbitrary constant vector. The matrix, B, and the solution can be computed using a computer algebra system like Mathematica. One finds that the solution however is lengthy (several pages long) and cumbersome and difficult to manage. With extensive analysis, we can determine the structure of the solutions through this closed form. However, due to the unwieldy nature of this closed form solution, we focus on gathering most of our information through the differential equations themselves and not through the algebraic form.
Analysis
In this section, we prove that lim t→∞ M E (t) = 0 and, therefore, there is a time t * so that M E (t) ≤ T for all t ≥ t * .
We will first verify the model is well defined by proving that solutions to (2)- (4) are non-negative. This information is not clear from the closed form solution. Thus, the following theorem from [6] will provide existence and non negativity results.
Theorem 3.1. Suppose n is a positive integer, IR
Lipschitz function from IR n + into IR n that is quasi positive:
Under these circumstances, the ordinary differential equatioṅ 
the solutions are bounded and hence continuable. This implies that there is no loss of existence of the solution for any time t. By applying non-negativity, we have the following result.
The sequence {x l } is a monotone decreasing sequence and is bounded below. Therefore this sequence has a limit.
Proof:
Consider a fixed harvest cycle [lm, (l + 1)m), where t = lm is the start of the harvest cycle and t = (l + 1)m is the end of the harvest cycle. We must prove that x l+1 ≤ x l .
The term, x l = M E (lm), is the initial amount of metal in the environment in this harvest cycle. If we add the equations for
, (Equations (2)- (4)),
This implies for any time t ∈ [lm, (l + 1)m),
Physically, the identity (7) represents a conservation of mass, namely, the sum of the metal present in the environment, roots, and shoots, must be equal to the original amount of metal present in the environment.
Due to the relationship (7) and the fact that M S (t) ≥ 0,
This completes the proof.
Observe that the relation (7) also implies that M E (t) ≤ M E (lm) for all t ∈ [lm, (l + 1)m).
As indicated by the next theorem, the function M E (t) + M R (t) is well structured for all time, even though the evolution system is defined in discrete intervals.
Theorem 3.3. The function M E (t) + M R (t) is continuous and decreasing. Since
is bounded below by zero, M E (t) + M R (t) converges to a limit. (2) and (3) yields:
Proof: Adding Equations
Recall that r(s) = r 1 (s) + r 2 (s). The non-negativity of the parameters imply r(s) ≥ r 1 (s). Therfore −r(s) + r 1 (s) ≤ 0. Since M E and P are non-negative,
continuous, we must show that
As t approaches lm from the left we have that M E (t) + M R (t) approaches M E (lm).
As t approaches lm from the right, M E (t) + M R (t) approaches the initial condition on
is continuous at the break point, lm, and therefore
is a continuous decreasing function.
A graph of M E (t) + M R (t) was numerically simulated in Figure 3 . The following
lemmas lead up to the main result, lim t→∞ M E (t) = 0. The first lemma proves that the amount of metal in the shoot at the end of a harvest cycle will go to zero as the number of harvest cycles increase. 
Proof:
Using the Relation (7) we have,
By Theorem 3.2, M E (lm) converges and hence is Cauchy. Therefore, 
Integrating (8) from t = lm to t = (l + 1)m − yields,
= (−r(s) + r 1 (s))R
Since M E (lm) is a Cauchy sequence, M E (lm) − M E ((l + 1)m) goes to zero and therefore,
Recall that P (t) is a decreasing line on the interval (lm, (l + 1)m) with P ((l + 1)m) = H. Therefore, P (t) ≥ H for all t ∈ (lm, (l + 1)m) and so, 
Integrating Equation (3) from t = lm to t = (l + 1)m − yields:
Substituting M R (lm) = 0 and using
From the proof of Lemma 3.5, we know that
Observe that Lemma 3.4 and Lemma 3.6 applied to the identity (9 implies
If we can show that
the limit as t goes to infinity of M E (t) exists and is equal to the limit of M E (lm) as l goes to infinity. The next lemma will prove that M E (t) must be a decreasing function on the interval, [lm, (l + 1)m) and hence verifies
Applying this to Equation (2) yields:
But since M E (t) ≥ 0 on (t 0 , t 0 + ), this creates a contradiction and hence the assumption was false. Thus, M E (t) is a decreasing function on (lm, (l + 1)m) and the proof is complete.
The lemmas prove the following main result.
Proof:
We will prove that L = 0. To show this, we assume on the contrary that L = 0.
Then there exists an N > 0 and > 0 such that
for all t ≥ N . Then for all l with lm ≥ N we have,
Taking the limit of both sides yields,
This contradicts Lemma 3.5 and so the assumption, L = 0 is false and L = 0.
The fact that M E (t) goes to zero proves that in a finite amount of time we can push M E (t) below a prescribed level.
Corollary 3.9. Let T > 0 be given. Then there exists t
The next section will use the model to numerically find t * . Once t * is found, the associated cost is computed by substituting the value of l into (6).
Numerical Computations
A program was written in Mathematica to numerically evaluate the model. After the user inputs the initial conditions and parameters, the program outputs how many harvest cycles are required to clean the site to allowable EPA set criteria and provides a graph of the predicted metal reductions over time along with the remaining amount of metal in the environment. The program also computes the cost of phytoremediating the site.
For the purposes of simulation, we examined real world data on chromium pollution in New Jersey. We assumed we were remediating 100,000 grams of soil. Current EPA standards allow for a concentration of 0.1 ppm of chromium in the soil [10].
On average, the chromium in the soil in Northern New Jersey is twenty times the EPA criteria [8] . Typically, plants used in phytoremediation, such as algae or Indian
Mustard, have an uptake rate of chromium from the soil to the roots that is between 0.1 and 0.2 mg of chromium to grams of dry weight of the plant [9] . The transfer from roots to shoots is significantly smaller; ≈ .02 mg of chromium to grams of dry weight of the plant [5] .
Since we are focusing on North Jersey, we assumed that a harvest period would only include the warm season which is approximately four months. We took an average of five roots per plant and assumed to have started with an initial crop of 100 plants and a harvest of 30 at the end of the cycle.
reduce the chromium to EPA levels. Figure 4 depicts the reduction of the metal amounts over the three cycles. The program is designed to be extremely flexible and Figure 4 . Graph of M E (t) over three harvest cycles.
allow for different situations (location, plant and metal). In addition, users will be able to estimate the cost of phytoremediating a site through the simulation.
